Abstract. Most Hardy type inequalities concern boundedness of the Hardy type operators in Lebesgue spaces. In this paper we prove some new multi-dimensional Hardy type inequalities in Hölder spaces.
Introduction
The original Hardy inequality from 1925 (see [2] )reads:
Since the constant After this fundamental discovery by Hardy it was an almost unbelievable development of this area which today usually is referred to as Hardy type inequalities. A great number of papers and even books have been published on the subject and the research in this area is still very intensive. One important reason for that is that Hardy type inequalities are especially useful for various types of applications within different parts of Mathematics but also in other Sciences, see e.g. the books [5] , [6] and [7] and the references therein.
Most of the developments described above are devoted to study the boundedness of Hardy type operators between weighted Lebesgue spaces and most of the results are for the one-dimensional case. But for applications it is also often required to consider the boundedness between other function spaces. Unfortunately, there exist not so many results concerning the boundedness of Hardy type operators in other function spaces. However, some results of this type can be found in Chapter 11 of the book [6] , where it is reported on Hardy type inequalities in Orlicz, Lorentz and rearrangement invariant spaces and also on some really first not complete results in general Banach function spaces. Moreover, in [15] some corresponding Hardy type inequalities in weighted Morrey spaces were proved; in [13] the weighted estimates for multidimensional Hardy type operators were proved in generalized Morrey spaces; in [1] was proved the weighted boundedness of some multi-dimensional Hardy type operators from generalized Morrey to Orlicz-Morrey spaces. For more information concerning Hardy type inequalities in Morrey type spaces and their applications we refer to [1] , [9] , [10] , [12] , [16] and references therein.
In this paper we continue this research by investigating Hardy type inequalities in Hölder spaces in the multi-dimensional case. Hölder spaces on unbounded sets can be defined with compactification at infinity (see Definition 3.1) or without.
We study multi-dimensional Hardy operators of order α ∈ [0, 1) as defined in (1.1). We refer to the paper [19] where a version of Hardy operators of the order α = 0 was studied within the frameworks of Triebel-Lizorkin spaces. This version may be regarded as a one-dimensional Hardy type operator in a given direction x |x| of a function f of many variables. Multi-dimensional Hardy operators in our paper are of different nature.
By C λ (Ω), 0 < λ 1, where Ω is an open set in R n , Ω ⊆ R n , n 1, we denote the class of bounded Hölder continuous functions, defined by the seminorm
Equipped with the norm
is a Banach space. We shall deal with the case Ω = B R , where
We consider the Hardy type operators
where x ∈ B R , 0 < R ∞ for the operator H α , and R = ∞ for the operator H α . We write H = H α and H = H α in the case α = 0.
The operator H α , α = 0, may be considered in both with and without compactification settings, but a consideration of H requires the compactification due to the needed convergence of integrals at infinity. We provide details for the operator H α , α 0, without compactification, and for both the operators H and H with compactification. We also show that in the setting of the spaces with compactification we may consider only the case α = 0.
In Sections 2 and 3 we present and prove our new results on the boundedness of the Hardy type operator H α in Hölder spaces without compactification (Theorem 2.2), and for the operators H and H in the case with compactification (Theorems 3.5 and 3.6).
Boundedness of the Hardy type operator H α in a Hölder type space
For the Hardy operator H α defined by
we show that it maps Hölder space into itself in the case α = 0 and we prove a boundedness result of the type C λ → C λ +α in the case α > 0 provided that λ + α 1, see Theorem 2.2.
In the case α > 0 we will need the following Lemma:
where C n,λ depends only on n and λ .
Proof. Passing to polar coordinates, we have
Hence,
Therefore,
It is easily seen that
Consequently,
and we arrive at (2.1). The proof is complete.
In the following theorem we deal also with the spaceC λ 0 (Ω) consisting of functions f for which [ f ] λ < ∞ and f (0) = 0. This space contains functions which are unbounded in the case Ω is unbounded. Note that [ f ] λ is a norm in this space.
Now we are in a position to prove the following theorem:
Since, by triangle inequality ||x + h| − |x|| 
Hence, by the triangle inequality,
where we used the fact that f (0) = 0 and consequently
according to the case α = 0 in the last passage. We consider separately the cases |x + h| 2|h| and |x + h| 2|h|.
The case |x + h| 2|h|. In this case we also have |x| 3|h|. Thus, by (2.3),
and
The case |x + h| 2|h|. We have
Since, |1 − t α | |1 − t| for all 0 < t 1 , 0 < α 1, we obtain
For ∆ 2 we use the mean value theorem and find that
with ξ between |x| and |x + h|. If |x| |x + h|, then, by Lemma 2.1, we get
because |x| |x + h| − |h| |h|. Finally, when |x| |x + h|, we have 
It remains to gather the estimates for ∆ 1 and ∆ 2 . In view of (2.2), the equality H α f (0) = 0 is obvious, so the proof is complete.
We define the generalized Hölder space C ω(·) (Ω) as the set of functions continuous in Ω having the finite norm
where ω : [0, 1] → R + is a non-negative increasing function in C([0, 1]) such that ω(0) = 0 and ω(t) > 0 for 0 < t 1. Such spaces are known in the literature, see for instance [8] , [14] , [17, Section 13.6], [18] .
As usual, by saying that a function ϕ is almost decreasing, we mean that ϕ(t) Cϕ(s) for some C 1 and for all t s.
Following the same lines as in proof of Theorem 2.2 one can prove the following generalization of Theorem 2. 
where ω α (t) = t α ω(t).
Boundedness of Hardy type operators in Hölder type spaces with compactification
LetṘ n denote the compactification of R n by a single infinite point.
The set C λ (Ṙ n ) is a Banach space with respect to the norm
It may be shown that C λ (Ṙ n ) is a subspace of C λ (R n ), which is invariant with respect to the inversion change of variables x * = x |x| 2 , i.e.
In the setting of the spaces C λ (Ṙ n ) we consider only the case α = 0, see Remark 3.4 below.
Hardy operator H
Our main result in this case reads: THEOREM 3.2. Let 0 λ < 1. Then the operator H is bounded in C λ (Ṙ n ).
Proof. We note that
Since the inequality H f C(Ṙ n ) c f C(Ṙ n ) is obvious, the proof is complete.
Hardy operator H
To formulate the corresponding result for the operator H we need to consider the following subspaces:
Clearly, g(∞) = 0, and
Since f (0) = 0, we have | f (z)| C|z| λ and then
As already shown, for each function f ∈ C λ ∞,0 we have that
It is easily checked that
which proves that g(x) ∈ C λ ∞,0 (Ṙ n ) also in this case. The case |x| < 1 , |y| > 2 can be similarly treated. Similarly as in Theorem 3.2 we note that the boundedness of the operator H in C(Ṙ n ) is obvious, so the proof is complete. REMARK 3.4. When α > 0. Theorems 3.2 and 3.3 may not be extended to the setting C λ (Ṙ n ) −→ C λ +α (Ṙ n ), in which we require the Hölder behavior of functions also at the infinite point, in contrast to Theorem 2.2. In fact, the function f 0 = 1 (1 + x) λ ∈ C λ ∞ (Ṙ + ) provides a corresponding counterexample for both the operators H α and H α . For example, for the operator H α we have
Hence, when x → ∞ we obtain that H α f 0 (x) ∼ cx α−λ , while the inclusion H α f 0 (x) ∈ C λ +α ∞ (Ṙ + ) requires the behavior |H α f 0 (x)| c(1 + x) −α−λ .
Corresponding generalizations of Theorems 3.2 and 3.3 may be also formulated in terms of the generalized Hölder spaces C ω (Ṙ n ), C ω ∞ (Ṙ n ), C ω 0 (Ṙ n ) and C ω ∞,0 (Ṙ n ) defined below. , x, y ∈ R n .
The subspaces C ω ∞ (Ṙ n ), C ω 0 (Ṙ n ) and C ω ∞,0 (Ṙ n ) of the space C ω (Ṙ n ) are defined by the conditions f (∞) = 0 , f (0) = 0 and f (0) = f (∞) = 0, respectively.
